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Abstract. A new theoretical approach to spin-isospin excitations in open-shell nuclei is presented. The de-
veloped method is based on the relativistic meson-exchange nuclear Lagrangian of Quantum Hadrodynam-
ics and extends the response theory for superfluid nuclear systems beyond relativistic quasiparticle random
phase approximation in the proton-neutron channel (pn-RQRPA). The coupling between quasiparticle de-
grees of freedom and collective vibrations (phonons) introduces a time-dependent effective interaction, in
addition to the exchange of pion and ρ-meson taken into account without retardation. The time-dependent
contributions are treated in the resonant time-blocking approximation, in analogy to previously developed
relativistic quasiparticle time blocking approximation (RQTBA) in the neutral (non-isospin-flip) channel.
The new method is called proton-neutron RQTBA (pn-RQTBA) and applied to Gamow-Teller resonance
in a chain of neutron-rich Nickel isotopes 68−78Ni. A strong fragmentation of the resonance along with
quenching of the strength, as compared to pn-RQRPA, is obtained. Based on the calculated strength
distribution, beta-decay half-lives of the considered isotopes are computed and compared to pn-RQRPA
half-lives and to experimental data. It is shown that a considerable improvement of the half-life descrip-
tion is obtained in pn-RQTBA because of the spreading effects, which bring the lifetimes to a very good
quantitative agreement with data.
PACS. 21.60.Jz Nuclear Density Functional Theory and extensions (includes Hartree-Fock and random-
phase approximations) – 23.40.-s beta-decay; double beta-decay; electron and muon capture – 21.10.Tg
Lifetimes, widths
1 Introduction
Charge-exchange excitations of nuclei are crucial in our
understanding of many phenomena extending across the
fields of nuclear physics and astrophysics. The study of
such modes of excitations can, for instance, constrain the
spin-isospin part of the nuclear interaction. Well-defined
model-independent sum rules allow for indirect determi-
nation of neutron and proton radii [1,2] and provide in-
formation on the equation of state [3]. In addition, these
types of modes determine the rates of weak interaction
processes, such as beta-decay, neutrino scattering or elec-
tron capture, occurring in astrophysical environments. In
particular, the low-lying part of the Gamow-Teller tran-
sition strength provides the beta-decay half-lives which,
together with the neutron-capture rates, govern the r-
process nucleosynthesis. Over the last years, this field of
research has become extremely active, as new experimen-
tal facilities, such as FRIB [4] or FAIR [5], will be able
to provide in the time to come new data on exotic nu-
clei. Nevertheless, many of the nuclei of interest for the
r-process remain too far away from the valley of stability
to be reached experimentally in the near future. Thus, it
is essential to be able to describe in a microscopic way
isospin-transfer nuclear excitations, in order to provide an
accurate and consistent input for the modeling of stellar
evolution. Over the past, an important number of theoret-
ical works dedicated to the study of these types of excita-
tions have been realized within various approaches. They
range from ab-initio methods [6] to Shell-Model techniques
[7,8,9], and methods based on the extensions of the self-
consistent mean-field, each with different domains of ap-
plicability. Within the latter type of approaches, many in-
vestigations have been done using the so-called Random-
Phase Approximation (RPA), and its extension to su-
perfluid systems, the Quasiparticle RPA (QRPA). Start-
ing from a non-relativistic G-matrix [10], Skyrme [11,12],
Gogny [13] or Fayans [14] mean-field, or from a relativistic
Hartree [15] or Hartree-Fock (HF) field [16], the (Q)RPA
is able to calculate transition probabilities up to high ex-
citation energies, and has usually been quite successful
in reproducing the position of the giant resonances. How-
ever, it is a well-known problem that this approach is un-
able to describe the spreading width of the resonances.
As it only accounts for one particle-one hole (1p1h) or
two quasiparticle (2qp) excitations on top of the ground
state, the (Q)RPA transition strength is usually found to
be concentrated in a single or a few peaks (mechanism
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known as Landau damping). In particular, the experimen-
tal Gamow-Teller (GT) strength, when measured up to
around the giant resonance energy, generally only repro-
duces about 70% of model-independent Ikeda sum rule,
while the (Q)RPA usually exhausts almost the full sum
rule within the same energy window. Besides the possi-
bility of exciting a nucleon into a ∆ resonance, the main
contribution to this "quenching" of the GT distribution
is thought to be due to higher-order configurations, more
complex than 1p-1h or 2qp, which are expected to frag-
ment and shift a part of the strength to higher energy. In
the absence of such effects, (Q)RPA also usually system-
atically overestimates the resulting beta-decay half-lives.
A solution to this discrepancy is often found by introduc-
ing an isoscalar proton-neutron pairing, whose parame-
ter is adjusted separately for each isotopic chain [15]. Ap-
proaches beyond the (Q)RPA include 2p-2h or 4qp config-
urations, in order to reach a better description of Gamow-
Teller transitions and associated lifetimes in a more mi-
croscopic and satisfying way. Second RPA for isospin-flip
excitations was realized in Ref. [17], where a comprehen-
sive investigation of spectra of various multipolarities in
doubly-magic nuclei has quantified fragmentation effects
beyond RPA. More recently, Ref. [18] studied the influ-
ence of phonon-phonon coupling on the description of β-
decay rates, based on a Skyrme HF+BCS mean-field and
a residual Landau-Migdal force. Finally, a lot of progress
has been made in the past few years towards the develop-
ment of self-consistent approaches based on the particle-
vibration coupling (PVC) model. In this framework the
coupling between the motion of single-nucleons and the
collective vibrations (phonons) is considered, so that 2p2h
configurations in the 1p1h⊗phonon coupling scheme, are
explicitly taken into account. A non-relativistic version
of the PVC approach has led to an overall good descrip-
tion of GT resonances and half-lives, using various Skyrme
forces [19,20,21]. The so-called Relativistic Time-Blocking
Approximation (RTBA) has also quite successfully inves-
tigated the effect of the particle-vibration coupling on
Gamow-Teller and spin-dipole modes in a relativistic frame-
work [22,23]. As no pairing correlations were implemented,
this approach was, however, limited to magic nuclei.
In this work we extend the RTBA method to the descrip-
tion of spin-isospin excitations in open-shell nuclei. The
resulting approach is a combination of the Relativistic
Quasiparticle Time Blocking Approximation (RQTBA)
that was developed in the neutral channel [24] and the
proton-neutron RTBA (pn-RTBA). In what follows it will
be referred to as pn-RQTBA. In section 2, we present in
detail the formalism of the pn-RQTBA. In section 3, we
apply this method to calculations of Gamow-Teller tran-
sitions in neutron-rich Nickel isotopes. This isotopic chain
is of particular interest for astrophysics as it plays an im-
portant role in the r-process nucleosynthesis. The strength
distributions are then used to calculate β-decay half-lives
which are compared to experimental data. Finally, we give
conclusions and perspectives to this work in section 4.
2 Formalism
In this section we present the formalism of the pn-RQTBA
approach, which is obtained by combining the neutral-
channel RQTBA presented in [24] and the pn-RTBA in-
troduced and applied in [22,23].
2.1 One-nucleon motion in a relativistic framework
In a standard relativistic theory of nuclei [25], the nucleus
is governed by an effective Lagrangian describing the inter-
action between Dirac nucleons in terms of boson (meson
and photon) exchange:
L = Lnucl + Lbos + Lint , (1)
where
Lnucl = ψ¯(i/∂ −m)ψ , (2)
is the free Lagrangian for the nucleon field ψ, ψ¯ = ψ†γ0
and m denotes the bare nucleon mass. Lbos is the free La-
grangian for the minimal set of effective mesons (σ, ωµ,−→ρ µ)
and electromagnetic field Aµ:
Lbos = 1
2
∂µσ∂
µσ − U(σ)
−
∑
b=ωµ,−→ρ µ,Aµ
(
1
4
Fµν(φb)Fµν(φb)− U(φb)
)
(3)
where the field tensors read
Fµν(ωµ) ≡ Ωµν = ∂µων − ∂νωµ
Fµν(−→ρ µ) ≡ −→Rµν = ∂µ−→ρ ν − ∂ν−→ρ µ
Fµν(Aµ) ≡ Fµν = ∂µAν − ∂νAµ ,
where the arrow denote vectors in isospin space. In this
work a density dependence, necessary for an accurate de-
scription of nuclear properties, is simulated by using a
non-linear σ self-interaction. The potentials in (3) thus
read 
U(σ) =
1
2
m2σσ
2 +
g2
3
σ3 +
g3
4
σ4 , (4)
U(φb) =
1
2
m2bφ
2
b , b = (ω
µ,−→ρ µ, Aµ) . (5)
Finally, the interaction Lagrangian is given by
Lint = −
∑
b=σ,ωµ,−→ρ µ,Aµ
ψ¯Γbφbψ , (6)
where the coupling vertices read
Γσ = gσ , Γ
µ
ω = gωγ
µ ,−→
Γ µρ = gρ
−→τ γµ , ΓµA = e 1−τ32 γµ .
(7)
The dynamics of a nucleon is in theory encapsulated in
the one-body Green’s function
g(x1, x2) = −i 〈0|T
(
ψˆ(x1)
ˆ¯ψ(x2)
)
|0〉 , (8)
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where x1 ≡ (t1, r1) is the space-time coordinate, and T is
the time-ordering operator. The state |0〉 denotes in prin-
ciple the "exact" ground state of the interacting system,
and ψˆ(x1) and ˆ¯ψ(x1) are the quantized destruction and
creation nucleon field operators in the Heisenberg repre-
sentation.
In approaches based on Covariant Density Functional The-
ory (CDFT) [25], one starts from the mean-field descrip-
tion of the system in order to determine a first approxi-
mation for the ground state of the nucleus, thus leading
to first approximation for the one-nucleon propagator (8).
Complex configurations arising from correlations between
the nucleons are then included in a second step.
In superfluid Fermi system, such as open-shell nuclei, it
is necessary to include pairing correlations consistently
at the unperturbed mean-field level and beyond. In the
Green’s function formalism this is commonly done by in-
troducing, in addition to the normal propagator (8), the
so-called anomalous Green’s functions allowing for the de-
struction and creation of pairs of nucleons. This can be
expressed in a compact way, in the Nambu-Gorkov rep-
resentation [26,27] which defines generalized operators of
creation and annihilation of quasinucleon fields:
Ψˆ(x1) =
[
ψˆ(x1)
ˆ¯ψT (x1)
]
, ˆ¯Ψ(x1) =
[
ˆ¯ψ(x1) ψˆ
T (x1)
]
. (9)
The corresponding Green’s function becomes a 8x8 matrix
that reads
G(x1, x2) = −i 〈0|T
(
Ψˆ(x1)
ˆ¯Ψ(x2)
)
|0〉
= −i
 〈0|T (ψˆ(x1) ˆ¯ψ(x2)) |0〉 〈0|T (ψˆ(x1)ψˆT (x2)) |0〉
〈0|T
(
ˆ¯ψT (x1)
ˆ¯ψ(x2)
)
|0〉 〈0|T
(
ˆ¯ψT (x1)ψˆ
T (x2)
)
|0〉

≡
(
G(x1,+;x2,+) G(x1,+;x2,−)
G(x1,−;x2,+) G(x1,−;x2,−)
)
,
(10)
where we have introduced an extra index χ = ± to denote
the different components in the doubled coordinate space
(x, χ), as in Ref. [28]. Note that the Heisenberg operators
ψˆ(x1) and ˆ¯ψ(x1) are now defined relatively to Hˆ ′ = Hˆ −
λN Nˆ − λP Zˆ, λN and λP being the neutron and proton
chemical potentials respectively, and Nˆ and Zˆ the neutron
and proton number operator respectively:{
ψˆ(x1) = e
iH′t1 ψˆ(r1)e
−iH′t1 , (11)
ˆ¯ψ(x1) = e
iH′t1 ˆ¯ψ(r1)e
−iH′t1 . (12)
Also, |0〉 only has a good particle number on average, as
it now denotes in principle the ground state of the inter-
acting system governed by Hˆ ′.
The propagator (10) is the solution of the Dyson equa-
tion
G(x1, x2) = G
0(x1, x2)
+
∫
dx3dx4 G
0(x1, x3)Σ(x3, x4)G(x4, x2) ,
(13)
where G0(x1, x2) =
(
g0(x1, x2) 0
0 −g0T (x2, x1)
)
is the free
propagator solution of(
i/∂1 −m
)
g0(x1, x2) = δ(x1 − x2)× I4×4 , (14)
and Σ is the so-called self-energy (or mass operator), which
in principle resums all the possible processes that a quas-
inucleon can undergo when it propagates in the nuclear
medium.
To determine the propagator G, we split the self-energy
into a static part, which includes only instantaneous pro-
cesses, and an energy-dependent part, which describes the
dynamics:
Σ(x1, x2) = Σ˜(r1, r2) δ(t1 − t2) + Σ(e)(x1, x2) . (15)
Note that in what follows, we indicate the static quantities
with a tilde.
2.1.1 Static self-energy: Relativistic Hartree-Bogoliubov
theory
In this work the static part of the mass operator (15)
is calculated within the Relativistic Hartree-Bogoliubov
(RHB) theory. Here we only recall a few important results
of this theory, for more details we refer the reader to e.g.
Ref. [29]. In the standard RHB framework, the energy
functional is derived from the relativistic Lagrangian (1),
and is extended to account for pairing correlations in a
phenomenological way. The mean-field approximation is
then applied and consists in replacing the boson fields by
their classical expectation value, i.e. only the nucleon fields
are quantized. The "no-sea approximation" is also applied,
so that antiparticle states are excluded from the expansion
of the Dirac fields that read
ψˆ(x) =
∑
α
ϕα(r)e
−iεαtaˆα , (16)
where α = (nα, piα, jα,mα, τα) is a set of quantum num-
bers for the nucleon states, and ϕα(r) is a 4-component
Dirac spinor with small and large components fα and gα:
ϕα(r) =
(
fα(r)
igα(r)
)
. (17)
In the stationary limit, and neglecting retardation effects,
a variational principle finally leads to the following sys-
tem of coupled RHB equation for the nucleons and Klein-
Gordon equation for the bosons {b = σ, ω, ρ,A}:
∫
dr2H˜(r1, r2)φηk(r2) = ηEkφηk(r1) , η = ± (18)
−∆φb(r) + U ′[φb(r)] = ∓〈 ˆ¯ψ(r)Γbψˆ(r)〉 , (19)
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where in Eq. (19), the + (−) sign holds for vector (scalar)
mesons.
In Eq. (18), H˜ is the RHB Hamiltonian which reads
H˜ =
(
hD − λ γ0∆
γ0∆ −h∗D + λ
)
, (20)
where hD is the Dirac Hamiltonian
hD = γ
0(γipi +m+ Σ˜RMF ) , (21)
and Σ˜RMF =
∑
b Γbφb is the relativistic mean-field (RMF)
self-energy for normal systems. As we assume here time-
reversal invariance, the currents vanish so that only the
scalar and the time-like vector RMF self-energies remain.
Finally, ∆ and ∆ are the pairing fields which read, in the
case of a local force in the particle-particle channel:
∆(r1, r2) = V
pp(r1, r2) 〈ψˆ(r2)ψˆT (r1)〉 , (22)
∆(r1, r2) = V
pp(r1, r2) 〈 ˆ¯ψT (r2) ˆ¯ψ(r1)〉 . (23)
The quasiparticle self-energy obtained in the RHB approx-
imation is then static but non-local in space and reads
Σ˜(r1, r2) =(
Σ˜RMF (r1)δ(r1 − r2) ∆(r1, r2)
∆(r1, r2) −Σ˜RMF (r1)δ(r1 − r2)
)
.
(24)
The solutions of Eq. (18) are the Dirac-Bogoliubov quasi-
particle spinors of the form
φ+k (r) =
(
φ+k (r,+)
φ+k (r,−)
)
=
∑
α
(
ϕα(r)Uαk
ϕ¯Tα(r)Vαk
)
, (25)
φ−k (r) =
(
φ−k (r,+)
φ−k (r,−)
)
=
∑
α
(
ϕα(r)V
∗
αk
ϕ¯Tα(r)U
∗
αk
)
. (26)
The index η = ± serves to denote the quasiparticles with
positive and negative energy ±Ek (Ek > 0). Occasion-
ally, we will refer to the solutions with negatives energies
as "quasiholes". Similarly as in (9) we can define corre-
sponding generalized creation and destruction operators
of quasiparticles Bˆk = {Bˆηk}, with
Bˆ+k = Bˆ
†−
k ≡ βˆk (27)
Bˆ−k = Bˆ
†+
k ≡ βˆ†k , (28)
where βˆk and βˆ
†
k are the usual Bogoliubov quasiparti-
cle operators [30]. They are related to the field operators
through
Ψˆ(r, χ) =
∑
k,η
φηk(r, χ)Bˆ
η
k . (29)
In the basis {k, η} of these operators, the mean-field prop-
agator solution of G˜ = G0+G0Σ˜G˜ has a simple diagonal
form
G˜k1,k2(t12) =
(
G˜+,+k1,k2(t12) 0
0 G˜−,−k1,k2(t12)
)
, (30)
Fig. 1. Static RHB self-energy. The full line represents the
propagator of a Bogoliubov quasiparticle in the (k, η) ba-
sis. The dashed line denotes the propagator of a boson b =
σ, ωµ,−→ρ µ, Aµ.
Fig. 2. Mean-field quasiparticle propagator Gη1,η2k1,k2(ε) ∝
δη2,η1δk1,k2 , expanded in the doubled coordinate space (x, χ).
We show the case η1 = + (top), and η1 = − (bottom). The
dotted lines represent the normal and anomalous Gorkov prop-
agators G(x1, χ1;x2, χ2).
with components
G˜η1,η2k1,k2(t12) = −iη1δk1,k2δη1,η2θ (η1(t12)) e−iη1Ek1 t12 ,
(31)
where t12 ≡ t1 − t2. Equivalently, in the energy represen-
tation
G˜η1η2k1k2(ε) =
δk1k2δη1η2
ε− η1Ek1 + iη1δ
, δ → 0+ . (32)
In this basis, the propagator of a quasiparticle with defi-
nite energy can then be represented by a single line, prop-
agating inward or backward in time. The self-energy (24)
can therefore be drawn as in Fig. 1. When expressed in
the extended coordinate space (x, χ) this propagator has
a non-diagonal structure and contains the usual normal
and anomalous Green’s functions. This is schematically
represented in Fig. 2.
2.1.2 Energy-dependent self-energy: quasiparticle-vibration
coupling
When the dynamics is taken into account, the oscillations
of the nuclear mean-field lead to surface vibrations, also
called phonons, that can couple to the motion of single
quasiparticles. In this work, the energy-dependent part
of the self-energy (15) is therefore obtained within the
Quasiparticle-Vibration Coupling (QPVC) model. In the
RHB quasiparticle basis, the components of Σ(e) take the
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Fig. 3. Examples of energy-dependent quasiparticle self-
energy components Σ(e) η1η2k1k2 (ε). The wavy line represents a
collective phonon, while the solid straight line represents a
quasiparticle propagator (32) in the RHB basis. The grey dots
are the quasiparticle-vibration coupling vertices γ. The exter-
nal lines are not included in the self-energy. The forward-going
diagrams (a) and (b) represent the case η1 = η2 = ηµ = +
and η1 = η2 = ηµ = − respectively. The backward-going di-
agrams (c) and (d) represent the case η1 = ηµ = + = −η2
and η1 = η2 = + = −ηµ respectively. Note that in the present
applications, the backward-going diagrams will not be imple-
mented.
following expression in the energy representation [24]:
Σ
(e) η1η2
k1k2
(ε) =
∑
η=±1
∑
ηµ=±1
∑
k,µ
δηµ,ηγ
ηµ;η1η
µ;k1k
γ
ηµ;η2η∗
µ;k2k
ε− ηEk − ηµ(Ωµ − iδ) ,
δ → 0 , (33)
where the index µ labels the collective phonons of fre-
quency Ωµ that couple to the quasiparticle states through
the vertices
γ
ηµ;η1η2
µ;k1k2
= δηµ,+1γ
η1η2
µ;k1k2
+ δηµ,−1γ
η2η1∗
µ;k2k1
. (34)
Depending on η1 and η2, the sign η = ηµ corresponds
to forward and backward going diagrams, as seen in Fig.
3 which displays some possible self-energy terms. As will
be emphasized later, the backward-going diagrams, such
as (c) and (d), account for configurations that are more
complex than 1qp⊗phonon, and will be neglected in this
work.
In the present applications the quasiparticle-vibration ver-
tices are obtained from the solutions of the relativistic
QRPA as
γ η1η2µ;k1k2 =
∑
k3k4
∑
η3η4
V˜ η1η4η2η3k1k4,k2k3R
η3η4
µ;k3k4
, (35)
where
V˜ η1η4η2η3k1k4,k2k3 =
δΣ˜η4η3k4k3
δRη2η1k2k1
(36)
is the static interaction defined as the functional derivative
of the RHB self-energy (24) with respect to the generalized
density matrix R of the RHB ground state, and the set of
Rµ are the one-body transition densities obtained within
the RQRPA approximation. For more details, see [24].
2.2 Response of nuclei to an isospin-transfer external
field
When the nucleus is subjected to a one-body external per-
turbation F , the linear variation of the single-quasiparticle
propagator leads to the response function
R(14, 23) ≡ δGF (1, 2)
δF (3, 4) |F=0
(37)
= −G(14, 23) +G(1, 2)G(4, 3) , (38)
where we have introduced the index 1 ≡ (k1, t1). GF de-
notes the propagator of a single quasiparticle in the nu-
cleus in the presence of the source field F (i.e. when the
nucleus is governed byH ′′ = H ′+F ). On line (38),G(1, 2)
and G(14, 23), without subscript F , denote equilibrium
one- and two-body Green’s functions respectively, as de-
fined in Eqs. (10), and coincide with Green’s functions in
the source field in the limit F → 0. From Eq. (38), we see
that the response function R describes the propagation of
two quasiparticles in the nuclear medium.
Taking the functional derivative of the Dyson equation for
GF (1, 2) with respect to the external field F leads to the
Bethe-Salpeter equation for the response function [31,28]:
R(14, 23) = G(1, 3)G(4, 2)
− i
∫
d5...d8G(1, 5)G(6, 2)V (58, 67)R(74, 83) ,
(39)
where V is the effective interaction determined by the
functional derivative of the self-energy with respect to the
single quasiparticle propagator:
V (58, 67) ≡ i δΣF (5, 6)
δGF (7, 8) |F=0
= i
δΣ˜F (5, 6)
δGF (7, 8) |F=0
+ i
δΣ
(e)
F (5, 6)
δGF (7, 8) |F=0
= V˜ (58, 67) + V (e)(58, 67) . (40)
We note that in this work, both the static and dynami-
cal self-energies Σ˜ and Σe are actually constructed with
the mean-field propagator G˜ instead of the full one G. In
principle, one could imagine building an iterative proce-
dure, where the new propagator would be used to calcu-
late the self-energy, which in turn would lead to a renor-
malized Green’s function, and so on. In Fig. 4 we show
possible components of the self-energy Σ(e)F (p, n) in an
isospin-transfer external field F of quasiparticle-quasihole
nature, as well as the corresponding effective interaction
terms V (e). The index τ = (p, n) denotes proton or neu-
tron states (kτ , tτ ). Diagrams (a) and (b) show the energy-
independent interaction generated by the exchange of isoscalar
collective vibrations, while diagrams (c) and (d) are pro-
duced by isovector phonons. In this work, the coupling
of quasiparticles to isovector vibrations are not consid-
ered. And again, due to the level of approximation consid-
ered in this work, the backward-going diagrams leading to
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Fig. 4. Examples of self-energy components Σ(e)ηp;ηnF (p;n) in the presence of a charge-exchange external field F of quasiparticle-
quasihole nature, and corresponding effective interaction terms V (e). The diagrams (a) and (b) are obtained with isoscalar
phonons, while the diagrams (c) and (d) are generated by isovector phonons. The backward-going diagrams (b) and (d) are
responsible for ground-state correlations. In the present work, only diagrams of type (a) are implemented.
ground-state correlations due to phonon-coupling are also
neglected.
The BSE (39), that is expressed in terms of the full quasi-
particle propagator G, can then be recasted in terms of
the free RHB propagator G˜ given by Eq. (31), using the
Dyson equation
G˜
−1
(1, 2) = G−1(1, 2) +Σ(e)(1, 2) . (41)
Finally, similarly to the neutral channel [24], the Relativis-
tic Quasiparticle Time-Blocking Approximation (RQTBA)
[32] is applied. This approximation makes it possible to
decouple the energy integrations in the BSE by introduc-
ing a time-projection operator which blocks the configura-
tions beyond 4 quasiparticle excitations. In particular, the
backward-going diagrams in the self-energy in Fig. (3), as
well as in the dynamical effective interaction in Fig. 4, are
then neglected1. Ground-state correlations are therefore
introduced via the static interaction V˜ only.
In the quasiparticle-quasihole channel, i.e. in the time
limit (t1 = t2, t3 = t4), and after a Fourier transform
to the energy domain, we obtain the following BSE for
the response function in the proton-neutron channel:
1 Work to include higher-order configurations through an it-
erative procedure is already underway in the neutral channel
[33].
Rη1η4,η2η3k1pk4n ,k2nk3p
(ω) = R˜
(0)η1η4,η2η3
k1pk4n ,k2nk3p
(ω)
+
∑
k5pk6nk7pk8n
∑
η5η6η7η8
R˜
(0)η1η6,η2η5
k1pk6n ,k2nk5p
(ω)
× W¯ η5η8,η6η7k5pk8n ,k6nk7p (ω)R
η7η4,η8η3
k7pk4n ,k8nk3p
(ω) ,
(42)
where the indices kip and kin denote proton and neutron
single-particle states respectively, and
Rη1η4,η2η3k1pk4n ,k2nk3p
(ω) = δη1,−η2δη3,−η4 × (−i)
×
∫
dt1...dt4δ(t1 − t2)δ(t3 − t4)δ(t4)eiω(t1−t3)R(14, 23) .
In Eq. (42), the free response R(0)(ω) reads
R
(0)η1η4,η2η3
k1pk4n ,k2nk3p
(ω) =
δη1,η3δη1,−η2δη3,−η4δk1p ,k3p δk2n ,k4n
η1(ω − λpn)− Ek1p − Ek2n
,
(43)
where λpn = λp−λn is the difference between proton and
neutron chemical potentials. The effective interaction W¯
is the sum of the static interaction and a dynamical one:
W¯ η5η8,η6η7k5pk8n ,k6nk7p
(ω) = V˜ η5η8,η6η7k5pk8n ,k6nk7p
+ Φη5η8,η6η7k5pk8n ,k6nk7p
(ω) .
(44)
In the proton-neutron channel, only the isovector part
V˜ (IV ) of the static interaction V˜ contributes to the BSE
(42). This part describes pion and rho-meson exchange:
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V˜ (IV )(r1, r2) = V˜ρ(r1, r2) + V˜pi(r1, r2) + V˜δpi (r1, r2)
=
( ∑
b=ρ,pi
Γ b1Db(r1 − r2)Γ b2
)
+ V˜δpi (r1, r2)
= g2ρ
−→τ1−→τ2(γµ)1(γµ)2Dρ(r1 − r2)
−
(
fpi
mpi
)2−→τ1−→τ2(σˆ1∇1)(σˆ2∇2)Dpi(r1 − r2)
+g′
(
fpi
mpi
)2−→τ1−→τ2 σˆ1σˆ2δ(r1 − r2) , (45)
where Db are the meson propagators
Db(r1 − r2) = 1
4pi
e−mb|r1−r2|
|r1 − r2| , (46)
and σˆ is the generalized Pauli matrix [35]
σˆ =
(
σ 0
0 σ
)
. (47)
The Landau-Migdal term Vδpi accounts for short-range
correlations [34]. The strength of these correlations is gov-
erned by the parameter g′ with the fixed bare value equal
to 13 . This value is used in the calculations of Gamow-
Teller and spin-dipole resonances within the relativistic
random phase approximation based on the relativistic Hartree-
Fock mean field [16]. However, in the absence of the ex-
plicit Fock term in the mean field, the pionic contribu-
tion vanishes and, as a result, the consistency between
the mean field and the effective interaction of Eq. (45) be-
comes elusive. An additional constraint on the parameter
g′ is therefore needed and, following the literature [35], we
adopt the value g′ = 0.6, i.e. about twice the bare value
of 13 . This value allows one to reproduce the position of
the Gamow-Teller resonance in 208Pb, and is kept identi-
cal for all other nuclei. A fully self-consistent pn-RQTBA
description of spin-isospin resonances would imply the ex-
plicit inclusion of the Fock term, the use of the bare value
for the g′ constant, and restoration of the ”subtraction”
procedure (see below). This program is, however, beyond
the scope of the present article and will be considered in
the future work.
Considering only the static part (45) of the effective inter-
action (40), the BSE (42) reduces to the proton-neutron
Relativistic QRPA (pn-RQRPA) which only accounts for
one-quasiparticle excitations.
Finally,Φ(ω) is an energy-dependent interaction which de-
scribes the coupling between quasiparticles and collective
phonons and reads in the time-blocking approximation
Φη1η4,η2η3k1pk4n ,k2nk3p
(ω) = δη1,η3δη1,−η2δη3,−η4 ×
∑
µξ
δξ,η1
×
[
δk1pk3p
∑
k6n
γη1;−ξ−ξµ;k6nk2nγ
η1;−ξ−ξ∗
µ;k6nk4n
η1(ω − λpn)− Ek1p − Ek6n −Ωµ
+δk2nk4n
∑
k5p
γη1;ξξµ;k1pk5p
γη1;ξξ∗µ;k3pk5p
η1(ω − λpn)− Ek5p − Ek2n −Ωµ
−
γη1;ξξµ;k1pk3p
γη1;−ξ−ξ∗µ;k2nk4n
η1(ω − λpn)− Ek3p − Ek2n −Ωµ
−
γη1;ξξ∗µ;k3pk1pγ
η1;−ξ−ξ
µ;k4nk2n
η1(ω − λpn)− Ek1p − Ek4n −Ωµ
]
.
(48)
The first two terms on the right-hand side of Eq. (48)
describe dynamical self-energy insertions whereas the two
last ones describe the exchange of collective phonons be-
tween two quasiparticle states. By accounting for configu-
rations of the type 1qp⊗phonon, i.e. 2qp excitations, this
term is responsible for the fragmentation of the many-
body states. The final BSE (42) in the proton-neutron
channel is represented in Fig. 5.
As the present approach is based on an energy functional
with parameters adjusted so to reproduce properties of
nuclei at the RMF level, usually, in the isospin-like (neu-
tral) channel, a "subtraction procedure" needs to be ap-
plied [28]. This technique consists in subtracting from the
phonon-coupling interaction (48) its value at zero frequency
Φ(ω = 0). In the neutral channel, where the same mesons
contribute to the ground state and to the description of
excited states, this subtraction amounts to removing the
phonon-coupling effects that are implicitly contained in
the static interaction V˜ through the fitting of the me-
son masses and vertices at the mean-field stage. In the
proton-neutron channel, considered in the present work,
only the pion and ρ-meson contribute to the static interac-
tion in the Bethe-Salpeter equation. While the rho-meson
is present in the ground state, its relative contribution to
the total isovector interaction V˜ (IV ) has been found to be
negligible in the charge-exchange channel [36]. The pion,
on the other hand, provides the main contribution and is
absent in the RMF calculation as it would lead to parity
breaking at the Hartree level. It is, therefore, considered
here with the (unadjusted) free-space coupling constant
( f
2
pi
4pi = 0.08). For these reasons we expect the double count-
ing of quasiparticle-vibration coupling effects to be negli-
gibly small in the charge-exchange channel and, therefore,
do not apply the subtraction procedure. However, in a
fully self-consistent approach based on the Hartree-Fock
mean field the subtraction should be restored to avoid
double counting, as it is done in RQTBA for non-isospin-
flip excitations.
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Fig. 5. Bethe Salpeter equation (42) in the proton-neutron channel in the RQTBA approximation.
Finally, once the response has been calculated, the
spectrum of the nucleus under study is obtained by com-
puting the strength function S(E)
S(E) =
−1
pi
lim
∆→0
ImΠ(ω = E + i∆) , (49)
proportional to the imaginary part of the polarizability
Π(ω), which is equal to the contraction of the response
function R(ω) in the external field under consideration:
Π(ω) = 〈F †R(ω)F 〉 . (50)
3 Applications to Gamow-Teller resonances
in neutron-rich Nickel isotopes
3.1 Numerical scheme
The calculations are performed according to the following
scheme:
– As a first step, the basis of mean-field quasiparticles
(k, η) that serves to solve the BSE (42) is obtained
by solving the RHB equation (18) for the nucleons to-
gether with the Klein-Gordon equation (19) for the
mesons and the photon. In the present applications
we use the NL3 [37] parametrization of the meson-
exchange interaction, as well as a monopole-monopole
pairing force [24] for which the RHB equation is equiv-
alent to the RH+BCS problem. The isospin-like pair-
ing correlations are included in a smooth pairing win-
dow of 20 MeV around the Fermi energy. This means
that they are absent from the Dirac sea of antiparti-
cle states. The parameter of the pairing interaction is
adjusted so as to reproduce the gap at the Fermi level
given by the three-point formula:
∆(3)τ (A,Nτ ) = −
(−)Nτ
2
(
B(A− 1, Nτ − 1)
+ B(A+ 1, Nτ + 1)− 2B(A,Nτ )
)
,
where Nτ = Z or N , for τ = p or n respectively, and
B(A,Nτ ) is the experimental binding energy of the
nucleus with A nucleons and Nτ protons or neutrons.
– The phonons µ entering the QPVC amplitude (48) and
their coupling vertices γµ are then obtained by solving
the RQRPA equations in the resulting RH+BCS quasi-
particle basis. In this work we select a set of isoscalar
phonons with natural parities which are truncated ac-
cording to their angular momentum and excitation en-
ergy. The values of the selected angular momenta Jpiµ ,
and phonon energy cut-off Ωmax are investigated in the
following paragraph 3.2.1. Moreover, only the phonons
realizing at least 5% of the highest transition proba-
bility for a given Jpiµ are taken into account.
– The BSE (42) is solved for the proton-neutron response
function, with quantum numbers Jpi = 1+ in the case
of Gamow-Teller transitions. The quasiparticle-quasihole
pairs entering Eq. (42) are truncated according to their
excitation energy, at 100 MeV in the Fermi sector and
-1800 MeV for antiparticle-quasihole excitations. Be-
cause of computational limitations, the pairs partici-
pating to the quasiparticle-phonon coupling are how-
ever limited to an energy window equal to 30 MeV.
Outside of this window the BSE (42) thus reduces to
the pn-RQRPA problem.
– Finally, the Gamow-Teller strength distribution S(E)
is obtained via Eqs. (49) and (50), with external field
operator Fˆ =
∑
i σˆ
(i)τ
(i)
− .
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3.2 Results
We now apply the numerical procedure described above
to the calculation of Gamow-Teller strength and β-decay
half-lives of neutron-rich even-even Nickel isotopes from
68Ni to 78Ni, which are of special interest for astrophysical
studies.
3.2.1 Strength distributions
Preliminary convergence study In order to determine the
phonon spectrum that will be included in the quasiparticle-
vibration coupling, we first investigate the sensitivity and
convergence of the Gamow-Teller strength in 68Ni accord-
ing to the phonon angular momenta and energies. The
calculated distributions are obtained by using a smearing
parameter ∆ = 200 keV in Eq. (49). This parameter rep-
resents an additional width attributed to each excitation,
and somehow simulates the effect of higher-order configu-
rations and continuum that are not explicitly considered
in the present approach. The results are shown in Fig. 6.
The top panel displays the strengths obtained when in-
cluding vibrations with quantum numbers Jpiµ = 2+ to
6+, while varying the energy cut-off Ωmax. The black line,
obtained with Ωmax = 0 MeV, corresponds to the pn-
RQRPA result. We note that the phonons with energies
up to 10 MeV introduce the major part of the fragmen-
tation of the strength. Increasing the phonon truncation
energy to 15 MeV only slightly modifies the results, by
shifting the distribution by ∼ 100 KeV towards lower en-
ergies. This is due to the fact that a very small number of
phonons are present in the energy window 10-15 MeV, in
particular, no 2+ or 4− vibrations are found in this inter-
val. When increasing Ωmax up to 20 MeV, the giant reso-
nance region is now included in the quasiparticle-vibration
coupling, and the strength is more importantly modified.
Increasing again the phonon truncation energy, we note
that the strength distribution tends to converge and be-
comes stable for Ωmax = 30 MeV.
The bottom panel of Fig. 6 displays the Gamow-Teller
strength distributions obtained with an energy cut-offΩmax
= 30 MeV, while including different phonon angular mo-
menta. We note that vibrations with Jpiµ = 2+, 3−, 4+,
5−, 6+ are the most important for the description of the
strength. Phonons with Jpiµ = 1− have a very small in-
fluence on the results, and the inclusion of 7− and 0+
phonons does not bring any modification as most of them
lie above 15 MeV. Experimentally, a 0+ is observed in
68Ni at ∼ 1.77 MeV [38]. However, the RQRPA calcula-
tion predicts the lowest 0+ state at ∼ 6 MeV, and with
a transition probability below the 5% criterion mentioned
above.
The contribution of the unnatural parity modes was inves-
tigated systematically in the framework of quasiparticle-
phonon model QPM [39], which implies similar physical
mechanisms of the formation of nuclear excited states as
RQTBA. The role of such modes is known to be minor
and, therefore, they are not included in our phonon space.
Summarizing, our convergence study illustrates that al-
though the Gamow-Teller strength, especially its low-energy
part, is sensitive to the energy and angular momentum
cut-off values, it nevertheless shows clear saturation within
the set of phonons with quantum numbers Jpiµ = 2+, 3−,
4+, 5−, 6+ and energies up to Ωmax = 30 MeV. The
phonon model space truncated in this way was used in
the numerical calculations discussed below.
Effect of superfluid pairing correlations In order to il-
lustrate the effect of isospin-like superfluid pairing corre-
lations, we first show in Fig. 7, as an example, the strength
distributions of the transitions 68Ni → 68Cu and 70Ni →
70Cu, and compare them to the distributions obtained
without pairing correlations. The excitation energies E∗
are expressed with respect to the ground state of the par-
ent Ni nucleus. In blue are the results obtained in the pn-
RQRPA approximation, by neglecting the quasiparticle-
vibration coupling amplitude Φ(ω) in the effective inter-
action (44) of the BSE (42), and in red are the strengths
obtained when the coupling of quasiparticles to vibra-
tions is introduced, i.e. when the full BSE (42) is solved.
Since the 68Ni nucleus has a closed neutron sub-shell at
the mean-field level (the neutron 2p1/2 orbit is fully oc-
cupied), the inclusion of pairing correlations only has a
small effect on the calculated strength. Within the pn-
RQRPA approximation, the two main peaks at ∼ 5.0 and
12.3 MeV are very slightly shifted towards higher ener-
gies, by 500 and 200 keV respectively, and their intensity
is a bit decreased, by 2.7 and 2.1 MeV−1 respectively. The
corresponding strength is transferred to a new peak that
appears around 16.5 MeV. In 70Ni, the neutron 1g9/2 sub-
shell is open at the mean-field level, with an occupation
of 2 particles. As illustrated by Fig. 7, the pairing correla-
tions therefore have a much stronger effect on this nucleus.
At the pn-RQRPA level, the main peak at ∼ 11.8 MeV is
split into two smaller ones around 10.9 and 13.6 MeV. The
fragmentation observed at the discrete pn-RQRPA level
is attributed to Landau damping. Finally, the introduc-
tion of quasiparticle-phonon coupling brings an important
fragmentation of the pn-RQRPA strength, which becomes
distributed over a larger energy range, thus describing the
major part of the spreading width of the resonances.
Gamow-Teller strengths in the Nickel isotopic chain We
now show in Fig. 8 the strength distributions obtained
for the full neutron rich even-even Nickel isotopic chain
68−78Ni. Again we compare the results obtained with (pn-
RQTBA) and without (pn-RQRPA) quasiparticle-vibration
coupling. The fragmentation and spreading of the strength
brought by this coupling is systematically observed along
the Nickel chain, and the effect seems to be more impor-
tant in the most neutron-rich isotopes 76−78Ni.
3.2.2 Calculation of β-decay half-lives
We now use the theoretical strength distributions to cal-
culate the β-decay half-lives T1/2 of the nuclei under con-
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sideration. They are calculated in the allowed GT approx-
imation using the following formula [21]:
1
T1/2
=
g2a
D
∫ ∆nH
∆B
f(Z,∆np − E)S(E)dE . (51)
In Eq. (51), S(E) is the strength distribution at excita-
tion energy E taken with respect to the ground state of
the mother nucleus, and f denotes the phase-space factor
of the electron [40], where Z is the number of protons in
the parent nucleus and ∆np = 1.293 MeV is the mass dif-
ference between a neutron and a proton. The integration
bounds ∆B and ∆nH denote the binding energy differ-
ence ∆B = B(A,Z) − B(A,Z + 1) between the mother
and daughter nuclei, and the mass difference between a
neutron and the Hydrogen atom ∆nH = 0.78227 MeV,
respectively. Finally, the constant D = 6163.4 s, and we
consider the effective value for the weak axial coupling
constant ga = 1.
In order to obtain a good precision on the theoretical half-
lives, the strength functions in Eq. (51) are calculated with
a smearing parameter ∆ = 20 keV. The resulting β-decay
half-lives are presented in Fig. 9, and compared to the ex-
perimental ones [38]. The half-lives obtained within the
pn-RQRPA approximation, shown by blue crosses, over-
estimate the experimental data by up to three orders of
magnitudes in the worst case (68Ni). The introduction of
the coupling between quasiparticles and phonons clearly
improves the results. To illustrate the sensitivity of the
half-lives to the phonon energy cut-off, we show the re-
sults obtained for two values of the phonon truncation
energy Ωmax = 10 MeV (purple crosses) and Ωmax = 30
MeV (red circles). The difference between the results ob-
tained in these two cases, is mainly due to the inclusion
of the giant resonance region around ∼ 15 − 20 MeV. In
comparison to pn-RQRPA, the QPVC makes it possible
to get one to two orders of magnitude closer to the exper-
imental results, and a quite nice agreement with data is
obtained when we include phonons up Ωmax = 30 MeV.
We note that the lifetime obtained for 78Ni is in agreement
with the results obtained in [21]. That reference, however,
showed a smaller value of T1/2 for 68Ni, while treating this
nucleus as doubly magic.
For a better understanding of our results, we show in Figs.
10 and 11 the calculated strength in the Qβ = ∆nH −
∆B window, as well as the running integrated strength∫ E∗
−∆B S(E)dE, for
68Ni to 78Ni. In the case of 68Ni and
70Ni, we note from Fig. 10 the quasi-absence of strength
in the Qβ window at the pn-RQRPA level. In fact the in-
tegrated strength in this window is equal to ∼ 0.73×10−2
and 2.51× 10−2 for these two nuclei, respectively. We em-
phasize that these finite values are actually artifacts due
to the finite smearing parameter ∆. No actual states are
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found in the Qβ-window for both of these isotopes and the
small integrated strength is thus only produced by the tail
of states located at higher energies. With a value ∆ = 0
keV, 68Ni and 70Ni would therefore be predicted stable by
the pn-RQRPA. When QPVC is taken into account, finite
strength appears at lower energy due to fragmentation
effects, and a few peaks are now predicted within the Qβ-
window. The values of the integrated strength, obtained
with Ωmax = 30 MeV, are equal to ∼ 1.26 and 1.82 for
68Ni and 70Ni, respectively, and the lifetimes calculated
within pn-RQTBA for these two nuclei are thus predicted
finite. For the three isotopes 72−74−76Ni, pn-RQRPA now
shows some strength in the Qβ window, while the distri-
bution in pn-RQTBA is shifted to lower energies and the
integrated strength is again found much larger. The case
of the doubly-magic nuclei 78Ni is quite different. Indeed,
looking at Fig. 11, we note that pn-RQRPA actually pre-
dicts more strength in the Qβ window than pn-RQTBA,
mainly due to the peak located at ∼ 0.61 MeV. The in-
tegrated GT strength at 0.78 MeV amounts to 6.55 with
pn-RQRPA and 4.46 with pn-RQTBA (Ωmax = 30 MeV).
However, pn-RQTBA predicts strength at lower energies
than pn-RQRPA, where the phase-space factor in Eq. (51)
is much larger. A smaller lifetime is then produced. Be-
sides the total amount of strength, this illustrates the im-
portance of the distribution of the strength within the
integration window.
Finally let us note that the study of the Nickel iso-
topic chain is in fact an interesting test case for the fol-
lowing reason. As mentioned in the introduction, in rel-
ativistic or non-relativistic calculations based on QRPA,
an additional static proton-neutron pairing force is usu-
ally included and adjusted separately so to reproduce the
lifetimes of each isotopic chain. However, it was concluded
in Refs. [15] and [11] that the T=0 pairing has very little
effect in the Nickel chain because of the shell and sub-
shell closures at Z = 28 and N = 40. The half-lives were
therefore found not affected by the variation of the corre-
sponding proton-neutron pairing strength. This of course
shows that there must be another mechanism responsi-
ble for the shift of the strength to lower energies. From
the present study, it follows that the coupling between
quasiparticle and collective vibrations provides the most
important part of this effect.
4 Conclusion
In the present work we have developed the formalism of
the proton-neutron Relativistic Quasiparticle Time Block-
ing Approximation, which provides a description of charge-
exchange excitations in closed and open-shell nuclei, while
taking into account the coupling of quasiparticles to collec-
tive vibrations in a self-consistent way. This model is, on
one hand, an extension of the pn-RQRPA [35] by quasipar-
ticle vibration coupling and, on the other hand, a general-
ization of the proton-neutron RTBA to superfluid pairing.
A considerable strength of the method is that it is based
on the fundamental meson-exchange nucleon-nucleon in-
teraction and connects consistently the high-energy scale
of heavy mesons, medium-energy range of pion and the
low-energy domain of emergent collective vibrations. The
latter two build up the effective interaction in the isospin-
flip channel, in particular, the phonon-exchange part takes
care of the retardation effects, which are of great impor-
tance for the spreading of the resonances, quenching and
beta-decay rates with significant consequences for astro-
physics and theory of weak processes in nuclei.
We have applied this approach to the calculations of Gamow-
Teller strength distributions and beta-decay half-lives of
neutron-rich Nickel isotopes. The results obtained are very
satisfactory. It is found that the quasiparticle-vibration
coupling causes fragmentation of the strength function
of these nuclei, in both the giant resonance energy re-
gion and in the low-lying part of the distribution. Due to
this fragmentation, a part of the strength was shifted to
lower energies, including the Qβ window. Consequently,
this work illustrates the ability of the method to pro-
duce accurate β-decay half-lives, without introducing ad-
ditional adjustable parameters, such as proton-neutron
pairing strength, which is often used in the models on
the QRPA level.
Beta-decay is an important phase of r-process nucleosyn-
thesis, alternating with the phase of radiative neutron cap-
ture (n,γ). As astrophysical modeling uses the rates of
both β-decay and (n,γ) processes for producing elemental
abundance distributions, it is very desirable to compute
both of them within the same highly predictive frame-
work. The present development allows for such calcula-
tions in combination with the existing RQTBA approach
for nuclear response in the neutral channel. Similarly to
the sensitivity of beta-decay rates to low-lying Gamow-
Teller strength, the (n,γ) reaction rates are sensitive to
fine details of the low-energy dipole strength [41]. Un-
til now RQTBA is only implemented numerically on the
2p2h level, while systematic calculations show that higher-
order correlations are needed for high-precision descrip-
tion of the low-energy dynamics. The recent advancement
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Fig. 10. (Color online) Top: Gamow-Teller (GT−) strength distributions for 68−70−72Ni in the Qβ-window calculated with
a smearing parameter ∆ = 20 keV. Bottom: corresponding running integrated strength
∑
BGT−(E
∗) =
∫ E∗
∆B
S(E)dE. In the
pn-RQTBA case, the phonon truncation energy Ωmax is indicated in parenthesis.
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Fig. 11. (Color online) Same as Fig. 10 for 74−76−78Ni.
14 C. Robin, E. Litvinova: Spin-isospin excitations in a relativistic quasiparticle-phonon coupling framework
of Ref. [33] offers an extension of the response theory for
both isospin-flip and non-isospin-flip excitations, showing
a way of further resolving the fine spectral details, which
could be the next conceptual step following the present
work. Another opportunity to explore is the inclusion of
the ground state correlations caused by QPVC mechanism
[28] and isovector phonons formed by in-medium pion ex-
change as it has a sizable effect on nuclear shell structure
[42]. These and other aspects on nuclear spin-isospin re-
sponse will be addressed by future efforts.
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